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that is taken to establish the non-interpenetration conditions
between components D and W. The variables X$+l\ X^+^
represent the Cartesian coordinates of the material points in
contact components D and W. The functional EM can be ex-
pressed as
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Introduction

T HE aim of this Note is to extend the authors' previous
work1 analyzing elastodynamic sliding contact problems

with friction to deal with static small deformation elasto-
plastic problems. In this work, the deformed contact areas
are obtained by the constraint conditions developed by a
quadratic mathematic programming technique.2 Lagrangian
multipliers are introduced to evaluate the contact pressures
due to friction and determine the adhesion or release of con-
tact surface. The plastic behaviors in the contact components
are accurately modeled. The influence of material properties
and friction effects on the plastic zones and deformations is
discussed. This is of practical importance in designing the
optimum metal-forming process, especially when using a
deformable Sie, a case which is seldom solved in literature.3

Finite Element Formulation
Following the procedure developed by the authors,1 the

governing equations for elastoplastic contact problems with
friction can be written as

anM = 0 (1)

(2)
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where

sa

SlDn

A(/^ Ts, and X are treated as independent variables in IIM.
(ND, QDn, SaDn) and (Nw, ttWn, SaWn) represent the total
number of elements, element domains, and element traction
surfaces of components D and W, respectively. Aa/y and Ae/7
are the incremental stress and strain tensors from the Mh
load step to the (7V+ l)th step, and Af, are the incremental
prescribed tractions from the Mh load step to the (N+ l)th
step. ej$. and e$? are the correction terms to do the
equilibrium check of components D and W at the Mh load
step incurred by nonlinear plastic behaviors. a\W is the stress
tensor and JW are the total prescribed tractions at the Mh
load step. The tangential components of incremental
displacements AU{ on contact surfaces of components D and
W are denoted as AUDS and ALVS, respectively.

Closely following the authors' earlier work,1 some tedious
manipulations resulted in the final simultaneous algebraic
equations and constraints

and
X>0

(3)

(4)

where AC/, are the incremental displacement components
from the Mh load step to the (7V+ l)th step; Ts the
Lagrangian multiplier, which can be shown to be the tangen-
tial contact pressure due to friction; X another Lagrangian
multiplier used to relax the condition of non-interpenetration
on element contact surface Sa; L the total number of ele-
ment contact surfaces; and ^ the contact surface function
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Fig. 1 ADINA's punch problem.
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Fig. 2 Punch forces vs punch depths for different material ratios R
and friction coefficients /*.
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Fig. 3 Influence of friction coefficients on the spreading of plastic
zones (/? = 1.5, WY6 = 0.008).

equations and constraints

~^N+l\ 0

0, ^(N+1

and
( X * ) > 0

] , [AV"+1>]) and

(5)

(6)

(7)

(8)

where ( [#J<
represent the global stiffness and friction matrix of com-
ponents D and W at the (N+ l)th load step, respectively.
(A<?|)) and {A#J^) are the global incremental nodal displace-
ment vectors of components D and W from the Mh load
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Fig. 4 Influence of friction coefficients on deformations (/? = 1.0).

step to the (7V+ l)th step. {T|) is the global nodal pressure
vector due to friction on possible contact surfaces at the
(7V+l)th step. {Af|,) and [Af^) denote the global in-
cremental external loadings applied on components D and W
from the Mh load step to the (N-\- l)th step, respectively.
(e|> ( N )) and (e^(A° ) serve to conduct an equilibrium check
to reduce the cumulative errors at the Mh step. [A%, -A*B,
0] represents the gradient matrix of contact surface function
5\ [ X * ) is the vector of nodal values of A. {h*} represents
the gap vector governing the contact behavior between com-
ponents D and W.

Equations (5-8) can be solved by a quadratic mathematic
programming technique that is well documented as, for in-
stance, in Ref. 4.

Results and Discussion
To demonstrate the validity of the present technique, the

problem of a punch with a rigid die, and without considering
the effect of friction at contact surfaces, as solved in the
ADINA program,5 is considered. The geometry, loading
conditions, and finite element idealization are shown in Fig.
1. The computed results for punch forces and plastic zones
are in excellent agreement with ADINA's solutions, which
are not shown here. To investigate the influence of material
properties and friction effects, two different material proper-
ties of the deformable die and two different friction coeffi-
cients ( ju) between the contact surfaces are considered. They
are 1) material properties: ED = 15,000 ksi, oYD=l9.5 ksi,
and ^ = 0.33; and ED = 10,000 ksi, ayz) = 13 ksi, and ^ = 0.33;
and 2) friction coefficients: /x = 0 and /* = 0.4. Material prop-
erties of the work piece are taken as £"^=10,000 ksi,
a r^=13 ksi, and *> = 0.33. In the above, (ED, Ew), (aYD,
(jy^), and v represent Young's modulus, yield stresses, and
Poisson's ratio of the die and work piece, respectively. The
materials herein are considered as isotropic and elastic-
perfectly-plastic. The geometry, loading conditions, and
finite element idealization are the same as shown in Fig. 1.

Figure 2 shows the required punch forces vs various punch
depths for two values of R(R=ED/EW) and two values of
friction coefficient /JL. As expected for the same depth of
punch, a larger punch force is needed for higher values of R,
although it is not as influenced by friction effects (and fric-
tion coefficients) induced by the deformation of contact sur-
faces. However, the significant influence of different friction
coefficients on the magnitudes of plastic zones and deforma-
tions can be seen in Figs. 3 and 4, respectively.
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Transient Heat-Transfer Analysis
of a Conical Cathode

of an MPD Arcjet

electrons with a moderate electric field while suffering
minimum material loss. But severe surface erosion at the
cathode tip has been observed experimentally2'3 in transient
operating conditions. In such situation, a knowledge of the
temperature distribution along the cathode is essential for
the thermal design of the cathode configuration. In general,
2% thoriated tungsten electrode with a semi-cone angle of
15-30 deg is employed in plasma torches and MPD arc
devices.4 A literature survey shows that transient heat-
transfer analysis of the conical shape cathode has not been
considered.

This Note reports a two-time level implicit scheme for the
numerical solution of the nonlinear transient energy equa-
tion. As will be shown, the scheme is simple, straightfor-
ward, and unconditionally stable and convergent.

Analysis
Consider a one-dimensional cathode of conical shape with

constant thermophysical properties. The configuration is as
shown in Fig. 1. The nondimensional transient equation with
combined conduction, ohmic heating, radiation, and convec-
tion can be written as
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Nomenclature
A,B,C,D = coefficients of square temperature matrix
Bi = Biot number, hL/k
h = heat-transfer coefficient
/ = applied current
k = thermal conductivity
L = cathode length
Qs = heat transfer to cathode root
r = cathode radius
r0 = cathode tip radius
T = local temperature of cathode at x
Ts = cathode temperature at x = 0
TOO = surrounding temperature
t = nondimensional time, /cr/L2

At = computing time
x = space coordinate
X = nondimensional length, x/L
X{ = nondimensional conical length of cathode,
Ax = node thickness
a. = semicone angle
e = emissivity
0 = nondimensional temperature, T/TS
p = electrical resistivity
K = thermal diffusivity
o = Stefan-Boltzmann constant

Subscripts
i,o,R = node identifiers
n = designated the point (t + A/)
n+Vi = intermediate time level

Introduction

MOST magnetoplasmadynamic (MPD) thrusters operate
at.large discharge currents and low mass flow rates in

order to obtain high specific impulse and thrust efficiency.1

It is required that the cathode be operated with high
temperatures at the cathode root to allow the emission of
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with the initial and boundary conditions

0(X,Q)=T0/TS, for all X

30(1,0
dX = 0,

(2)
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Fig. 1 Quasisteady MPD arcjet.


